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The X(1835) has been conﬁrmed clearly in new BESIII data for J/Ψ → γ (η′ππ); the angular distribution
of the photon is consistent with a pseudoscalar. This makes it a candidate for an ss¯ radial excitation of η′
and η(1440) (or one or both of η(1405) and η(1475)). However, a conspicuous feature of the BESIII data
is the absence of evidence for η(1440) → η′ππ while it is well known that η(1440) appears in ηππ .
Can these facts be reconciled? There is in fact a simple explanation. The channel η(1440) → ηππ may be
explained by the two-step process η(1440) → [K ∗ K¯ ]L=1 and [κ K¯ ]L=0, followed by K K¯ → a0(980) → ηπ .
This process does not produce any signiﬁcant η′π signal because of the Adler zero close to the η′π
threshold. Some further comments are added on necessary points in ﬁtting data on η(1440).
© 2011 Elsevier B.V. Open access under CC BY license.New BESIII data conﬁrm X(1835) in J/Ψ → γ (η′ππ) [1]. They
also show that the angular distribution of the photon is consistent
with spin-parity 0−: dσ/dθγ = (1+ cos2 θγ ), where θγ is the polar
angle between the photon and the e+e− beam axis in the J/Ψ
rest frame. A conspicuous feature of the BESIII data is the absence
of η(1440) → η′ππ , although there is a small and narrow peak
attributed to f1(1510) → η′ππ . The data contrast strongly with
the clear η(1440) signal observed in J/Ψ → γ (ηππ) by Mark III
[2], DM2 [3] and BES I [4].
There is a straightforward explanation shown in Fig. 1. The
dominant signals attributed to η(1440) are decays to K ∗(890)K¯ ,
κ K¯ (where κ is the Kπ S-wave), and a weak ηππ channel. The
K K¯ pairs from the ﬁrst two channels can rescatter through a0(980)
to ηπ . Triangle graphs for this process were calculated by Aniso-
vich et al. treating intermediate K K¯ pairs as real particles [5]. This
model ﬁtted Crystal Barrel data on p¯p → ηπ+π−π+π− success-
fully. The reader is referred to this Letter for technical details of
the calculation and details of ﬁts to the data. An important fea-
ture of the data is that the ηπ peak is 30–50 MeV above the K K¯
threshold, as expected from the phase space for real intermediate
K K¯ → ηπ . It is diﬃcult to account for this feature without the
triangle diagram.
For the η′ππ ﬁnal state, a0(980) → η′π is attenuated strongly
by the Adler zero in the amplitude at s = m2η′ − m2π/2, where m
are masses. This zero, predicted by Weinberg [6], following work of
Adler [7], is today attributed to chiral symmetry breaking and the
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Open access under CC BY license.Fig. 1. Triangle graph for η(1440) → ηππ .
low mass of the pion. Similar zeros are predicted for an S-wave
pion accompanying any meson or baryon. They are well estab-
lished by the zero scattering length of the symmetric combination
of πN S-wave amplitudes [8], also in ππ scattering [9] and Kπ
scattering [10]. The Adler zero in η′π lies close to the mass of
a0(980). The magnitude of the η′π amplitude is predicted by the
known pseudoscalar mixing angle between η and η′ to be below
present experimental errors, and that is conﬁrmed by analysis of
data on a0(980) → ηπ from Crystal Barrel [11]. The Adler zero
in ηπ lies at s = m2η − m2π/2 and does have some effect on the
ﬁt to Kloe data near the πη threshold, but is hidden by the pro-
cess φ → πρ , ρ → ηπ with present errors. There is little effect on
the a0(980) peak, which is well removed in mass from the Adler
zero.
D.V. Bugg / Physics Letters B 697 (2011) 364–366 365Fig. 2. (a) Line shapes for an η(1440) → K K¯ ∗ (full curve), κ K¯ (dotted) and f0(980)η (dashed); (b) phase space for individual channels vs. mass. Scales of intensity are
arbitrary, for display purposes.Some comments on partial wave analysis may be helpful. The
angular distribution for J P = 0− is unique for spin-parity J P = 0− ,
where there is only one amplitude. A simple and clear prediction
is that its decay is isotropic. For J P = 1+ there are two amplitudes
with orbital angular momentum L = 0 or 2 in production of η′ππ .
For both, the helicity 0 intensity again has an angular distribution
(1+ cos2 θγ ). With helicity 1, dσ/dθγ = 1+2x2 + (1−2x2) cos2 θγ ,
where x is the ratio of helicity 1 to helicity 0 amplitudes. Also
the polar angle β between the normal n to the ηππ decay plane
in the η′ππ rest frame and the direction of the resonance fol-
lows the distribution 2x2 + (2 − x2) sin2 β , Eq. (125) of the review
of Köpke and Wermes [12]. For J P = 0− , there is no dependence
on β . The factor sinβ in the amplitude for 1+ helicity 0 arises from
the coupling n = kX ∧ (kη′ − kσ ) where k are momenta. If more
than one J P is present, interferences between them are consider-
ably more sensitive than the summed angular distribution because
of angular correlations between production J/Ψ → γ X and decay
X → η′ππ . Each of the amplitudes is unique and orthogonal, guar-
anteeing a unique solution with full acceptance and good statistics.
For J/Ψ → γ (ηππ) there are two allowed a0(980)π combina-
tions and interference between them is particularly distinctive. For
J P = 2− , two amplitudes are allowed with L = 1 or 3 in produc-
tion and decays with  = 2.
BESIII data on J/Ψ → γ (ηππ) will clearly be important in in-
terpreting X(1835). Huang and Zhu have conjectured that it may
be an ss¯ radial excitation of η′(958) and η(1440) [13]. This of
course requires conﬁrmation of J P = 0− . That would open afresh
the question of whether there are separate η(1405) and η(1475)
or not. A problem is that many current analyses have assumed
Breit–Wigner amplitudes of constant width. That is seriously mis-
leading. The full s-dependence requires a production amplitude for
η(1475) → K K¯ ∗ , as an example:
f ∝ kF (k)B(k)/[M2 − s −m(s) − ig2ρ(k)F 2(k)B2(k)], (1)
m(s) = (s − M
2)
π
P
∫
MΓtotal(s
′)ds′
(s′ − s)(M2 − s′) . (2)
The K¯ K ∗ channel opens at an average mass of ∼1385 MeV (folded
over the width of the K ∗) and its phase space ρ rises as k3, where
k is the momentum of K and K ∗ in the K¯ K ∗ rest frame; B is the
Blatt–Weisskopf centrifugal barrier factor 1/(1+ k2R2)1/2 and g is
a coupling constant. The term m(s) is the so-called ‘running mass’
and is required to make the amplitude fully analytic; P stands for
the principal value integral. The integral includes a subtraction on
resonance, making it strongly convergent.Fits have been made to the form factor F (k) using a Gaus-
sian F (k) = exp(−αk2) and α from a large number of data sets:
J/Ψ → γ X where X = ηππ , K K¯π , K ∗ K¯ ∗ and 4π and also
J/Ψ → ωK+K− and φK+K− though results were not recorded
in individual papers. These all ﬁt well with α in the range 1.95
to 2.35 (GeV/c)−2 and an average value (2.25 ± 0.25) (GeV/c)−2,
corresponding to a radius R = 0.73 fm for the meson cloud. The
width of the K ∗ needs to be folded into the calculations, as does
the phase space for production reactions. Fits have also been made
to form factors for p¯p in ﬂight to 8 channels of data, with a mean
value R = 0.92± 0.10 fm [14]. In view of the fact that the nucleon
contains 3 quarks, it is not surprising that this radius is somewhat
larger than for mesons.
For K K¯ ∗ , the k3 dependence of the amplitude has dramatic ef-
fects. Fig. 2(a) shows intensities ﬁtted to a mass of 1440 MeV for
K K¯ ∗ (full curve) and κ K¯ (dotted curve). There is also evidence for
a decay to f0(980)η [15], which needs conﬁrmation; the intensity
for that channel is shown as the dashed curve. Fig. 2(b) shows the
phase space for individual ﬁnal states, ignoring phase space limita-
tions of the production process itself (small effects in J/Ψ decays).
It is immediately obvious from these ﬁgures that strong form fac-
tors are essential to avoid a high mass tail from η(1440) running
up to high masses. Masses ﬁtted to a0π and ησ channels are little
affected by phase space variations in J/Ψ data.
The K K¯ ∗ intensity in Fig. 2(a) has a long high mass tail. The
mass quoted for K K¯ ∗ depends on whether the peak mass can be
identiﬁed (not the case in some sets of data) or a mean mass. The
PDG mass of 1474 MeV [16] may be obtained by averaging the
intensity up to 1600 MeV and is even higher averaged over the
whole line shape.
However, much of the information concerning the masses of
η(1405) and η(1475) comes from data for p¯p → ηπ+π−π+π−
and (K Kπ)π+π− at rest. Fig. 3 shows the phase space for the pro-
cess p¯p → η(1440)σ integrated over the Dalitz plot and including
the limitation due to the p¯p entrance channel, whose mass cuts
off phase space completely at 1597 MeV. This enhances the ηππ
channel at low masses and suppresses it at high masses. If this is
taken into account, the mass ﬁtted to the ηππ channel rises by
4.7 MeV and that for κ K¯ by 9.7 MeV, because of its rising phase
space with mass.
Finally Fig. 4 displays the dispersive correction m(s) as a func-
tion of mass for the K K ∗ channel alone. Close to the resonance
mass, it actually varies with s faster than the factor (M2 − s) in
the Breit–Wigner denominator. The major perturbation to the real
part of the amplitude has a large effect on the phase variation with
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Fig. 4. m(s) for η(1475) → K¯ K ∗ .mass. These points are a warning that the physics of this mass
range is complicated and the full s-dependence is of critical im-
portance in sorting out the true nature of η(1405) and η(1475) or
η(1440).
The ﬁrst conclusion from this Letter is that there is a simple
explanation for the fact that η(1440) → η′ππ is not observed
in BESIII data for J/Ψ → η′ππ . Secondly, it is essential to ﬁt
data for η(1440) using the full s-dependence of amplitudes and
phase space. That remark applies to many analyses over the mass
range 1 to 2 GeV, where thresholds such as 4π are opening
rapidly.
References
[1] M. Ablikim, et al., BESIII Collaboration, arXiv:1012.3510.
[2] J.Z. Bai, et al., Phys. Rev. Lett. 65 (1990) 2507.
[3] J.-E. Augustin, et al., Phys. Rev. D 46 (1992) 1951.
[4] J.Z. Bai, et al., Phys. Lett. B 440 (1998) 217.
[5] A.V. Anisovich, et al., Nucl. Phys. A 690 (2001) 567.
[6] S. Weinberg, Phys. Rev. Lett. 17 (1996) 616.
[7] J.L. Adler, et al., Phys. Rev. B 137 (1965) 1022.
[8] G. Höhler, in: H. Schopper (Ed.), Pion Nucleon Scattering Landolt–Börnstein,
vol. I/9b2, Springer-Verlag, 1983.
[9] I. Caprini, G. Colangelo, H. Leutwyler, Phys. Rev. Lett. 96 (2006) 032001.
[10] D.V. Bugg, Phys. Rev. D 81 (2010) 014002.
[11] D.V. Bugg, Phys. Rev. D 78 (2008) 074023.
[12] L. Köpke, N. Wermes, Phys. Rep. 174 (1989) 67.
[13] J. Huang, S.-L. Zhu, Phys. Rev. D 73 (2006) 014023.
[14] A.V. Anisovich, et al., Phys. Lett. B 491 (2000) 47.
[15] A.V. Anisovich, et al., Phys. Lett. B 472 (2000) 168.
[16] K. Nakamura, et al., Particle Data Group, J. Phys. G: Nucl. Part. Phys. 37 (2010)
075021.
